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Abstract. In this paper, we establish the linear profile decomposition for the one dimen- 
sional fourth order Schrodinger equation 

jiu t - fiAu + A 2 u = , t S JR, x S K, 
\u(0,x)=f(x)eL 2 , 

where fi > 0. As an application, we establish a dichotomy result on the existence of extremals 
to the symmetric Schrodinger Strichartz inequality. 



1. Introduction 

1.1. Linear profile decomposition. In this paper, we consider the problem of the linear 
profile decomposition for the fourth order Schrodinger equation of the following form with 
L 2 data in one spatial dimension 



(1) 



iu t - fiAu + A 2 u = , t G R, x G R, 
u(0,x) = f(x)eL 2 , 

where u : R x R — > C and \i > C0. Equation ([TJ) is the free form of one dimensional 
fourth-order nonlinear Schrodinger equations that have been introduced by Karpman [13] 
and Karpman-Shagalov [12] to take into account the role of "fourth-order dispersion" in the 
propagation of intense laser beams in a bulk medium with Kerr nonlinearity. 

The main result in this paper, the linear profile decomposition for Equation (pQ), is motivated 
by the analogous decompositions in context of wave, Schrodinger and Airy equations [H [2j 
EJ [HI [251 121], and their successful applications in attacking the global wellposedness and 
scattering problems at mass- or energy- critical level [HI [151 EE US 1201 [ZD [231 1211 [3i] . 
Roughly speaking, the profile decomposition investigates the general structure of a sequence 
of solutions to ([!}) and aims to compensate for the loss of compactness of the solution operator 
caused by the natural symmetries of the equation. By passing to a subsequence, a sequence 
of solutions is expected to be written as a summation of the superposition of concentrating 
waves and a remainder (see Theorem 11.31) . The concentrating waves are referred to as 



Dale: November 4, 2009. 

1 The case /x < is intentionally not included due to lack of a refinement of Strichartz inequality, cf. the 
inequality ([3|) when /i > 0. Moreover, the global Strichartz estimate may not be available in view of the 
presence of the degenerate critical point for the phase function, see e.g. [TTl Condition (2.1.c)] or [31 (10)]. 
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"profiles", which encode certain symmetry information of the equation and are orthogonal 
in some sense (see Remark 11.41) ; the remainder term is negligible in most applications. 

The profile decomposition starts from a refinement of the Strichartz inequality. The usual 
Strichartz inequality [T71 p. 38, Theorem 2.1] asserts that 

(2) py 3 ^(t)/ii LL(RxK) < c\\f\\», 

where S^(t) is the solution operator to Equation p]) defined by 

S,(t)f(x) :=e^ 2 ~^f{x):= [ a****"® MO = ? + ^ 

Jm. 

and with a G R is the nonhomogeneous differentiation operator for by 

D a J(x) := / e**(/* + 6e a )t/(0de. 
Jr 

We shall write S(t) = So(i) and D a = Dq. Note that Estimate ([2]) also follows from [3J, and 
of course from the refinement in Lemma Tl .21 The primary reasons for us to study is: (1) 
to treat two interesting cases \x = and fi > in a same manner; (2) The oscillatory integral 

Jm. 

on the left hand side of (EJ) matches the form considered by Kenig, Ponce and Vega in [171 
p.38, (2.2)] up to a constant multiple 2 1 / 6 , as <^(£) = 2(fi + 6£ 2 ). 

The estimate ([2]) is not optimal within Besov spaces. We need the following refinement for 
our purpose. 

Lemma 1.2. For any p > 1 and fi > 

(3) \\Dl /3 S,(t)f\\ LURxR) <c(sup|r|^||/l iP(T) ) /3 ||/llK 3 , 
where t denotes an interval on the real line with the length |r|. 



We will adapt a proof from [29] and it will be proven in Section [3j 

By using Lemma 11.21 and certain improved localized restriction estimates in Lemma 14.11 in 
Section HI we can prove the following theorem, which is the main result in this paper. 

Theorem 1.3 (Linear profile decomposition). Let fi > and let (u n ) n >i be a sequence of 
complex-valued functions satisfying ||w n ||L 2 < 1- Then up to a subsequence, for any I > 1, 
there exists a sequence of functions {<j^)i<j<i £ L 2 , w l n G L 2 and a family of parameters, 
(.K^L x L tj n)^< 1 " such that 

(4) u n = S,(ti)gi[e^ h ^]+w l n , 

i<j<i,?i=o, 
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where g 3 n {4>) '■— j\ 1 i 2 ( t ) { x f" )- This decomposition enjoys the following properties: 

(5) limsuplimsup \\Dl /3 S u (t)w l n \\ L i x{Rxm = 0, 

and for j ^ k, (h J n ,^,x J n ,t J n ) n >i and (h*, £*, x*, i*) n >i are pairwise orthogonal in the sense 
that, 

(6) either limsup(-f + -f + - g|) = °o, 

n— too n n tin 

(7) or = (/£,#) and 

Kmm J£ztii i K*£-%)fc + 6 (&) 2 )l , k-x^-2(^-^)(2(g) 2 + /i)g| 

n-cxT (/&)2 hi 

Remark 1.4 (Orthogonality of profiles). The orthogonality condition on the parameters, 
{(h J n , x J n , P n )}, is the origin of orthogonality for profiles. Under this condition, the profiles 
are separated either in the spatial space, or in the frequency space, or have very different 
scales, or are distant in time. In particular, we have, for any I > 1, 

(8) 

i 

limsup (\\u n \\l 2 - (J2 ll^'Hi 2 + = °- 

n— >oo ^ . , * 

(9) 

limsup(|| £ ^ 3 5 M (t + ^j^[e^^]|| 6 Lt - £ WD^S^t + O^[e <(0, *V]ll!$ J = 0- 
n ^°° i<i<« i<j<2 

Remark 1.5 (Lack of Galilean transform). In the decomposition (j4]), we have treated the 
high and low frequencies differently. This is essentially due to lack of Galilean transform for 
Equation (TjTJ). More precisely, a computation for S reveals that, 

S{t)[e^ N <f>]{x) = e i^+itN^tA^tN^+i6N^ x ^ x + UN 3y 

The operator on the right hand side can not be expressed as a form of S(t) and contains 
some mixed terms, e 4l * Ar ^ +6 *' Ar2 ^. In contrast, for the linear Schrodinger evolution operator 

e itA , 

e UA [e l ^ N <P}(x) = e ixN+UN2 [e UA }<P(x + 2tN), 

which heuristically says that, up to a modulation e lxN+ltN2 ; the propagation of a high- 
frequency wave is a dislocation in spatial space of the propagation of a low frequency wave, 
which is the "so-called" effect of Galilean transform. 

However, in view of Proposition 17.11 when iV — > oo, S(t)[e l ^ N (j)} behaves like a second 
order Schrodinger solution, e~ ltA 0. We will use it to compare the optimal constants of the 
Strichartz inequalities for both equations, see the argument of Theorem 11.81 It is similar to a 
previous observation by Christ, Colliander and Tao in [8] that the solutions to Korteweg-de 
Vries equations (KdV) or modified KdV at high frequencies can be well approximated by 
those to nonlinear Schrodinger equation (NLS); this observation turns out to be very useful 
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to explore various wellposedness/ill-posedness results between KdV and NLS equations; see 
also [33], [29] and [19]. 

The decomposition in Theorem 11.31 is similar to that in [29J for the Airy Equation, where 
lack of Galilean transform is the case and hence different frequencies are treated in different 
ways. The new difficulty here is a lack of scaling invariance when // > 0; in other words, 
we can only take advantage of the spatial and temporal translations; this complicates the 
task of establishing orthogonality results for profiles which are essential for all purposes, see 
Lemma 15.41 

Remark 1.6 (A comparison with nonlinear wave equation (NLW) and NLS). Let us make a 
comparison with those for NLW and NLS. 

• In [1], for energy critical nonlinear wave equations with if Mnitial data in M 3 , Bahouri- 
Gerard establish the following decomposition, 

j=l yhi tin 

There is no frequency parameter since modulation is not a symmetry in H . 

• In [25], for mass critical nonlinear Schrodinger equation with L 2 -initial data in M 2 , 
Merle- Vega obtain the following decomposition, 

e UA u n (x) = Y — e^"e^V( t ~ t " X ~ X " ) + 4 
There is no difference between high-low frequencies thanks to the Galilean transform. 

The linear profile decomposition proves to be a very useful tool in understanding the global 
wellposedness and scattering problems to certain critical and supercritical nonlinear disper- 
sive equations. It serves as the primary motivation to develop such decompositions in order 
to understand certain nonlinear analogue of Equation p]), for instance, see [261 [27J [28]. In 
[14"] . Kenig-Merle introduced the method of concentration-compactness/rigidity to study the 
global wellposedness and scattering problems for the focusing radial nonlinear Schrodinger 
equation at the energy critical regularity; a key ingredient is the linear profile decomposition 
developed by Keraani [18j, which is employed to obtain the existence of minimal-energy 
blow-up solution. Similar ideas of extracting minimal blow-up "bubbles" appearing pre- 
viously in the works of Bourgain and I-team (Colliander, Keel, Staffilani, Takaoka, Tao) 
[El [9] for energy-critical NLS in M 3 . For applications to the mass/energy-critical nonlinear 
Schrodinger equations, we refer readers to Killip-Visan's survey [22J. 

1.7. An application. In [29| [30] , the third author used the linear profile decomposition 
to prove the existence of extremals for the Strichartz inequality for the Schrodinger equa- 
tion in high dimensions. This approach can be viewed as a simplified manifestation of the 
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concentration-compactness idea. In this paper we consider a similar "extremisers" problem, 

nm q \\D 1/3 S(t)f\\ LURxR) 
(10) S := sup — . 

/^o,||/|| l2 <i WjWl* 

Here S(t) := So(t). We will establish a dichotomy result on existence of extremals for (flOl) 
by using the "profile decomposition" tool. 

In context of the Strichartz inequality for the Schrodinger equation in low dimensions, there 
are other methods to prove existence of extremals such as by an elaborate concentration- 
compactness method by Kunze [21], by two successive applications of the Cauchy-Schwarz 
inequality by Foschi [TO], by developing a representation formula of the Strichartz inequal- 
ity by Hundertmark, Zharnitsky [IT], and by using the heat-flow deformation method by 
Bennett, Bez, Carbery, Hundertmark [I]; also see [7]. Moreover Gaussians are proven to be 
extremals PHEIIIII. 

We first note that the solution map, S(t), from L 2 to the Strichartz space is not compact: 
an arbitrary L 2 bounded sequence may not give rise to a strongly convergent subsequence 
in the Strichartz space. Indeed, that S(t) fails to be compact can be easily seen by creating 
counterexamples of considering several explicit symmetries in L 2 , e.g., 

• spatial translation, u(t, x) — > u(t, x — xq) for some Xq € R. 

• time translation, u(t, x) — > u(t — t , x) for some t Q e R. 

• scaling, u(t,x) — > A _1 / 2 w(t/A 4 , x/X) for some A > 0. 

• modulation, / — > e lx ^° f for some £o € R. 

However as an application of the profile decomposition in Theorem 11.31 we are able to 
establish a dichotomy result on the existence of an extremal / to the Strichartz inequality 

Theorem 1.8. Either an extremiser exist for S, or there exists a sequence of a n satisfying 
lim^oo \a n \ = oo and f G L 2 so that 

\\D^S(t)[e—f}\\ Llx 
h = hm 



Moreover, in the latter case, S = S sc h r where S sc h r is the optimal constant for the Strichartz 
inequality for the Schrodinger equation defined by 

\\e- ltA <P\\ L l 

(11) S schr ■= SUp 



and f can be identified as Gaussians up to the natural symmetries associated to (fTTj) . 

Remark 1.9. We may test ||D 1 / 3 S'(t)/|| i 6^/||/|| L 2 against a few numerical examples such as 

e -M 2 or _|_ |x|) _a for a > 1/2 to find out whether there would hold S > S sc h r in order 
to rule out the second alternative in Theorem II. 8( we may also formulate an analogous 
statement for with \i > 0; but we will not pursue these interesting matters here. 
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This paper is organized as follows. In Section [2j we introduce some notations. In Section 
[31 we prove Lemma 11.21 In section HJ we prove certain localized restriction estimates. In 
Sections [5] and [6j by Lemmas 11.21 and 14.11 we establish the linear profile decomposition 
theorem 11.31 for a sequence of functions (w n ) n >i which are bounded in L 2 . In Section we 
establish the dichotomy result Theorem 11.81 
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tions of this work. Any opinions, findings and conclusions or recommendations expressed in 
this paper are those of the authors and do not reflect necessarily the views of the National 
Science Foundation. 



2. Notations 



We use X < Y, Y > X, or X = 0(Y) to denote the estimate \X\ < CY for some constant 
< C < oo, which will not depend on the functions. If X < Y and Y < X we will write 
X ~ Y . If the constant C depends on a special parameter, we shall denote it explicitly by 
subscripts. 



We define the space-time norm LfL r x of / on R x R by 

\f(t,x)\ r dx ) dt 




q/r \ V9 



with the usual modifications when q or r are equal to infinity, or when the domain 1 x 1 is 
replaced by a small space-time region. When q = r, we abbreviate it by L\ x . Unless specified, 
all the space-time integrations are taken over IxR, and all the spatial integrations over R. 

We fix the notation that lim^oo should be understood as lim sup^^ throughout this paper. 

The spatial Fourier transform is defined via 

1(0 ■= [ ' '"\f(.r)d.r: 
Jr 

the space-time Fourier transform is defined analogously. 
The inner product (-,-)l 2 i n the Hilbert space L 2 is defined via 

(f,g)Li ■= / f{x)g{x)dx, 



where g denotes the usual complex conjugate of g in the complex plane C. 



3. The refinement of the Strihcartz inequality 
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In this section we prove Lemma [L2l We first introduce the notion of Whitney decomposition 
as in [22]. 

Definition 3.1. Given j G Z, we denote by T>j the set of all dyadic intervals in M of length 

Vj := {2 j [k,k + 1) : k G Z}. 

We also write V := Uj^Vj. Given / G T>, we define /j by // = / 1/ where 1/ denotes the 
characteristic function on /. 

Given two distinct G M, there is a unique maximal pair of dyadic intervals I, I' G T> 
such that 

ee/,e'e/', |/| = , dist (/,/') >4|/|, 

where dist(J, I') denotes the distance between I and I', and \I\ denotes the length of the 
dyadic interval I. Let T denote all such pairs as £ ^ £' varies over IxR. Then we have 

(12) Yl iiiOMS) = !>for a.e. 6lxK. 

Since J and J' are maximal, dist (/,/') < 10|J|. This shows that for a given I G T>, there 
exists a bounded number of I' so that (/, /') G JF, i.e. 

V/GP, #{/':(/,/') G^}<1. 

Proof of Lemma \l. 6 A Given p > 1, we normalize sup reR |t| 1 ^ 2_1 ^ p ||/||lp(t) — 1- Then for all 
dyadic intervals / G V, 

(13) f\f\ p di<\I\ l - p ' 2 . 
Let <^(£) :=£ 4 + /i£ 2 . Then 

</R 

then 

Squaring the left hand side of ([3]), we see it suffices to prove 

MM0-Mv))+i*(t-v)f {C) J {r])lfl + 6e a | 1/B |A* + 6v 2 \ 1/6 ^d v \\ LSt < \\f\\% 3 . 
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Let u = <pf_i{C,) — </v( 7 7); v = t; — i]. By using the Hausdorff- Young inequality in both t and x, 
we then have 

\\Di /3 s»(t)nh 




if,. 



where ^(0 - ^(tj) = 2(f - 77) (// + 2(£ 2 + £77 + ^))- 

We restrict to the case where £, 77 > by symmetry; in this case, 

(Gu + ea^ + e?/ 2 )) 174 1 



Then it reduces to proving 

\f(0f(v)\ 3/2 



1 • 




In view of the above inequality, we thus assume / > from now on. By Whitney decompo- 
sition we have 

/(0/fo)= E fiiOUv), for a.e. (^)gRx! 

and 

V (f , 77) G J x /' with (/, /') e .F, |£ - 77I ~ |/|. 

Choose a slightly larger dyadic interval containing both / and I' but still of length comparable 
to that of J, and denote it again by I. We have therefore reduced our problem to proving 



(") £*%^:s//"* 

lev 1 1 J 



To prove f[T4l) . we need a further decomposition to fj = J2 n ez fnji here f n j is defined by 

fn,I — f ^{g:2' l |7|- 1 /2</(5)<2"+i|/|-i/2}- 

By the Cauchy-Schwartz inequality, for any e\ > 



The £1 we need will be a number less than e in ( TT5"]) . By the convergence of geometric 
series, (JHj) is a consequence of the following 



f f f 3/2 d£ ) 2 r 

(15) ^ J im/2 ~ 2_He / f ^ ' for somee > and a11 72 > °- 

lev ' 



By the Cauchy-Schwartz inequality, 

( / / J?*) 2 £ / / J fnjdC 
When n > 0, by the Chebyshev's inequality and ffl3l) . 

| / n>J d£ < 2 n |I|- 1/2 i{e : /(£) > 2 n \I\- 1 / 2 }\ 

< 2"l/l~ 1 ^ 2 — - P ^ 
~ ' ' 2 n P|J| _ p/ 2 

< 2 -[n[(p-l) ljll/2 

rsj I I 

for any p > 1. On the other hand, when n < 0, 

y /„,/^<2"|/|- 1 / 2 |/| = 2-H|/|V2. 

Combining these estimates, there exist an e > such that 

I/IV2 

7ei5 1 1 lev ■ 

Interchanging the order of summation, we obtain 

E / fh*t = E E / / a w-a-i/"}* = / E / 2rf ^ s / / 2rf ^ 

Je©* 7 jezieVj J R j : /^2™-j/ 2 

Thus we get ( fT4l) from above two inequalities. □ 



4. Localized restriction estimates 
Lemma 4.1. For 4 < g < 6, < jj, and G G L°°(13(£o, -R)) /or some i? > 0, we have 
(16) ||£>Js M (f)G|k, < C q , R \\G\\ L ~. 
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Proof. We may assume that 6> 6 > in the proof. Recalling that = £ 4 + /i£ 2 , we 

observe that, for 1 < r < oo and /i > 0, 



1 



IN r'-l 

2 



(17) 



W - l r ' _1 [216 - 6ir' _1 V + ^ 2 + & + v- , 

i 



< 



16 -Gil"- 1 

Let q = 2r with 2 < r < 3. To prove ffl6|) is equivalent to proving 

^(a-« 2 )+it(^(a)-^(6))|( /x + 6 ^ )(yU + 66 2 )| 1/9 G(6)6(6)«2 



B(£ ,B) JBfo,R) 
< C q> R\\G\\ 2 L oo(B{£ ,R)) 

Let m '—6 — 6 j v :— 0^(6) ~~ 0^(6) an d denote the resulting image of -8(6; -R) x -B(6> -R) 
by under change of variables. Since r > 2, by the Hausdorff- Young inequality, we see the 
left hand side of the inequality above is bounded by 



C 



|Gu + 6£)(// + 6£)!^r77 



6(6)^(6 



dudv 



l/r' 



The constant C > is induced because of change of variables. Changing the variables back, 
we obtain 



|(/i + 66 2 )(/i + 6£ 



B(£ ,fi)xB(£o,fl) 



l/r' 



We may restrict to the region where < 6 < 6- m this case, using ( fTTj) . we see that after 
a change of variables, 

-B 1 

/ 77 TTr^T^ 1 ^ 2 1 - 

JO lU — ?2| 

Thus we obtain (fl6l) ; the proof of this lemma is complete. □ 



5. The Linear profile decomposition 

By the refined Strichartz estimate ([3]), we extract the frequency and scaling parameters. It 
closely follows the approach in 0, ■ 

Lemma 5.1. Let (u n ) n >i be a sequence of complex valued functions with ||w n ||L 2 < 1- Then 
up to a subsequence, for any 5 > 0, there exists N = N(S), a family of (p£,60i<j<iv £ 
(0, oo) x K. and a family (/£) i<j<n of L 2 bounded sequences such that 

n> 1 

2V 

(18) U n =J2fn + Qn 

i=i 
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and there exists a compact set K = K(N) in K ; for every 1 < j < N, 

(19) Vpl\fMZ + ti)\<Csi K (0- 

Here the sequence satisfies that, if j ^ k, 

(20) lim + ^ + l?w >' ) = cx). 

r n yn yn 

The remainder term satisfies, for any N > 1, 

(21) lim \\Dy 3 S„(t)q»\\ Lt x <8, 

furthermore, for any N > 1, 

N 

(22) Jim (iKHi, - (£\\fl\\h + H^llia)) = 0. 

°° 3=1 

Proof. For 7„ = (p n , £ n ) G (0, oo) x E, we define G n : L 2 — > L 2 , 

Gn(/)(0 = V3^/(^ + O- 
1 /3 

We will induct on the norm. If lim^oc HZ)/ S fj,(t)u n \\ L 6 < 5 (recall that lim^oc /„ is 
understood as limsup^^ /„ throughout this paper), then we are done. Otherwise, up to a 
subsequence, we may assume that, for all n in this subsequence, 

\\DfS,{t)u n \\ Lh > 5. 

On the other hand, by Lemma [1.21 with p = 4/3, we see there exists a family of intervals 

where C\ depends only on the constant in Lemma [1.21 While for any A > 0, 

/ |n„| 4/3 ^< A-I\\u, 

J i^n{\u n \>A} 

Let C 5 := (Ci/2)- 3 / 2 5" 6 . Then 

J nn{\u n \<c s (ph)^ 2 } 1 
From Holder's inequality, we have 

/ \u n \^di<(! i^i a de) a/8 (|/ii) l/3 . 

Jiln{\un\<C s (pl)-i/*} v J/in{|« n |<c,(pi)-i/2 } / 

This yields 

' \u n \ 2 d£ > C'6 6 , 



il 



12 

L n\\L 2 - 



'/in{|«„|<Q( p i)-i/2 } 
where C > is some constant depending only on C\. 
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Define v\ and 7* by 

V n := M„l 7 i n || Sn |< c . 4 ( p i ) -i/ 2 } , 7* := {Pn,£ n )- 
Then Ht^H^a > (C") 1 / 2 ^ 3 . Also by definition of G, we have 

lo'Mm = i(Pn) 1/ X(Pne+^)i < c 5 i hlil] (o. 

We repeat the same argument with u n — v\ in place of u n . At each step, the L 2 norm 
decreases by at least (C'Y^S 3 . After N := N(5) steps, we obtain (vl)i<j<N and {^ 3 n )i<j<N 



so that 

N 



\U r , " 2 



Mr. 

J=l 

AT 

Ell,*?" II 2 _i_ iu^h 2 
i=i 

The latter equality is due to the disjoint of support on the Fourier side. We also have the 
error term estimate (1211) 

Pj^Wtflli*. < S. 

Next, we will re-organize the decomposition to get (I20I) . We say that 7^ = (p^,^) and 
In = (Pn;^n) are orthogonal if 

lim + ^ + >' ) = OO. 

Pn pi pi 

We define to be the summation of those v{ whose 7^'s are not orthogonal to 7*. Then take 
the least j £ [2, N] such that 7^° is orthogonal to 7*; then we define / 2 to be the summation 
of the those v l n whose 7^'s are orthogonal to 7^ but not to 7^°. Repeating this argument a 
finite number times, we obtain (fl8l) . The decomposition gives (I20I) automatically. Also the 
supports on the Fourier side are disjoint, and we have ( |22l) . Now we want to check that, up 
to a subsequence, ( TT9|) holds. 



By construction, those t^'s collected in /* have 7^'s not orthogonal to 7*, i.e. for those j, 
we have 

(23) lim 4 + 4 < 00 > lim < 00 

rrt fn fn 



To show ( TL9l) . it is sufficient to show that, up to a subsequence, G^(t^) is bounded by a 
compactly supported and bounded function. This implies ffT9j) with j = 1 and other j's will 
be handled similarly by passing to subsequences successively. By construction, \G J n (v^)\ < 
Also, we observe that 

= GKGir'GUvi) 

GKGir'm = J 4/(4* + 

V P n p^ 1 p^ 

which yields the desired estimates for G^vi) by ( 1231) . □ 
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Next we perform a further decomposition to each f n to extract the space and time parameters 
of the profiles. The procedure is to take weak limits of normalized p n in n successively; the 
reminder term is easily seen to converge to zero in the weak sense, which will be made 
clear from below. Roughly speaking, since it concentrates nowhere after taking possible 
(maximum times) weak limits, we can show that it converges to zero in the Strichartz norm. 

Lemma 5.2. Suppose an L 2 -bounded sequence (f n )n>i satisfies 

Vf^\fn(Pn(t+(Pn)-%))\<F(0 

with F G L°°(K) for some compact set K in R independent of n. Then up to a subsequence, 



there exists a family (y%, s c r 
a 7^ (3, as n — > oo ; 



x M and a sequence (4> a ) a >\ of L functions such that, if 



(24) 



P 2 

In 



+ 



fi (4g+ 2/i)^(ag - a 

"n an 



P 3 
rn 



OO. 



For every M > 1, there exists e„ G L , 

M 

(25) 



fn(x) = J2VK (s^KKe^H-i-))) (Pnx - <) + e£{x) 



and 
(26) 



lim lim \\D 1/3 S^t)e, 



M 



0. 



Furthermore, for any M > 1, 
(27) hm (\\fn\\h-(J2 



M 



ni> + ||ef ||| 2 ; 



Proof. We will be sketchy on our proof, see [6] or [29] for similar arguments in other contexts. 
Let P := (P n )n>i with 

Pn(0 = VP^fn(pn^+(Pnr 1 U))- 

Let W(P) be the set of weak limits of subsequences of P in L 2 defined by 

W(P) = {c^ - lim e-^^-S _- 2 M (-Sn)[e l ' ( - ) "" 1 ^Pn(-)](^ + in L 2 : s n ) G R 2 } 

and 

MP):=sup{||0|| L2 :0GW(P)}. 
Then taking weak limits and imposing the orthogonality condition on the parameters (12"4"1) 
repeatedly, we have the following decomposition 

M 

a=l 

We may assume that <p a , P* f are in L°° and of compact support. Let P M := (P T f // ) n >i, then 
the weak convergence holds, 

(28) lim fi{P M ) = 0. 

M^oo 
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For any M > 1, we also have 



M 

iim(n/„ni 2 -($:iiriii 2 + ii^ M iii 2 ))=o. 



a=l 



Recall that f n (x) = y/p^e lx ^ n P n (p n x) , the decomposition (125]) follows after setting eff (x) : = 
J~p^e ix ^ n Pjf (p n x). It remains to obtain the strong convergence of the error in the Strichartz 
norm 



(29) 



lim lim \\D^S,(t)[^p n e^P^(p n y)]\\ Lf = 0. 



M— too n—>oo 

Indeed, by scaling, the norm above is equal to 



\D*_ 2 S-2 u (t) 

1 Pn 2 H Pn /A I 



By interpolation, 



< C\\DUS p ; % {t) 



pilJPn ?n pM 

c 1 n 

x ll^„(*) 



19/6 



giyPn^inpM 



1 1-9/6 
r °° 



for 4 < g < 6. Let w n (t) := S n -2„(t) 

Pn P 



Then by Lemma [4. 1[ we see that 



\D q _ 2 u„\\ ji < 1 



for some g < 6, which is uniform in n. Therefore to prove (129]) . we reduce to prove that 



(30) 



lim limsup ||u; n ||i,°o = 0. 



Now we are going to deduce (13"U1) from the claim 



(31) 



limsup <k /x(-P )• 

n— >+oo 



Indeed, assume is supported by K and set x £ be even and such that x = 1 on 

K, and (t n ,y n ) be such that 

Then oj n is supported by if + p^ 1 ^- So if 



then it follows that 



Xn(x) := X(^-Pn^n), 



15 



where T denotes the spatial Fourier transform. Then 

||^n|U°° = \Un{tn,Vn)\ = (Xn^n) (t n , Vn) \ 

1 



lim 

n^oo 

lim 

n— >oo 



lim 

n— >oo 



lim 

n— >oo 



2vr 
1 



2tt 
1 



/2tt 
1 

/2tt 



J 7 1 (x„)(a;)u; n (t n ,x - y n )cix 
^- 1 (x n )e^ 1 ««e-^ 1 ^a; n (t n , z - y n )rfa; 
•^ _1 (Xn(- - p- l £ n ))e- ixp " ltin uj n (t n ,x - y n )d. 
^- 1 (x)e~ lxp ^ in uJ n (t n , x - y n )d 



x 



IX 



We observe that the second integrand above is in form of defining elements in W(P M ). Thus 
in the limit, by Cauchy-Schwarz, we see that it is bounded by 

\\F-\ X )\\l^{P M ), 

which is the desired bound. Therefore it ends the proof. □ 

Remark 5.3. In Lemma I5T2"} we will make a useful reduction when lim^oo p" 1 ^ = a is finite: 
we will let £ n = 0. This is possible since we can replace e txpn ^ n <f) a with e txa (j) a by putting 
the difference into error term, then we can regard e txa (j) a as a new <f) a . 



Proof of Theorem ! 1.31 . Having Lemmas 15.11 and 15.21 we are ready to prove Theorem II .31 Let 

(^niCnJ^n ) ) ,— ((Pn) J 6n> (Pn) i (Pn) S n )■ 

Then we put all the error terms together, 



Mi 



(32) 



it, 



N,Mu- ,M A 



=-f^) and ujNM^-Mn = J2f =1 ei M] + q% . We enumerate the 



where := ^j^. 

pair (J, a) by u; satisfying 

(33) a) < u>(k, (3) if j + a < k + (3, or j + a = k + /3 and j < fe. 

After re-labeling, (I3"2"j) can be rewritten as 

i<j<i,d=o 

where := ujN,Mv,Mn with / = Mj- 



Now we begin to verify this decomposition satisfies those two properties in Theorem 11.31 
Firstly we can see that the family (h 3 n , x ] n , P n ) n >i is pairwise orthogonal in the sense of (jSJ) 
in Theorem 11.31 Secondly, the remainder term Dj/ 3 S^tyoj^' 1 ^ 1 '" ,Mn converges to zero in the 
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Strichartz norm || • \\ L e . That is we have to prove that, in view of the enumeration defined 
in ([Ml), 

(34) lim \\D l J*S,(t)^ M -~> M "\\ Ltx - 0, as inf {iV, j + M 3 } - oo. 

This is a crucial step, which is done by using the following Lemma 15.41 on orthogonality of 
profiles in the Strichartz space. One can also consult similar proofs in [THl [29] . □ 

Lemma 5.4. Let (h J n , x 3 n , t£) n >i be a family of orthogonal sequences. Let 

Qi(t,x) := ^/3^( t + 4)^ [e i(-)^^ ( . )](;r) 

Then for every I > 1, 

i i 

(35) lim (\\J2QiWll "EM? )=0 
with £l = when lim^oo \h 3 n ^\ < oo. 

We present the proof of this lemma in the following section. 

6. Proof of Lemma [5T41 

By an application of Holder's inequality, the claim in Lemma 15.41 reduces to the following 
lemma, 

Lemma 6.1. For j ^ k, 

(36) lim ||Q^|| iL =0, 
where 

Qi(t,x) : = D)/*S»{t + ti)gi[e<^\{x). 
Likewise for Q k n and the parameters satisfy 
hi hk 

(37) either + + |£ - #| -> oo 

k t k\ 



(38) or(hie n ) = (K,e n ) and 
\tj-t k n \ |(% + 6(&) 2 )| \xj-xi-{ti-t k n ){A{tif + 2^ n )\ 

(hi) 4 (hiy hi ~* 

Proof. With no loss of generality, we may assume <fri,<f) k 6 L°°(—l, 1). We will prove fl36l) 
case by case. 

Case 1. Assume ( 1371) ; we may first assume that ^4 — > 0. We rewrite Q J n out, 

(39) Qi = (hi)^ [ e ^n^M^ 2 ) (ee 2 + a*) 1/8 £ Wtf - a))dC 
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Likewise for Q k n . Following the Hausdorff- Young inequality, it reduces to show that the 
following: 

(40) 



|6£ 2 + m| 1/4 N 2 + A«| 



V 4 - . , . 3/2 

c?^c??7 — » 0, 



as n — >■ oo. We may also assume that £, 77 > in ([40]) . Because 

1 ' J> ^(e+^+e^+zii 1 / 2 ~ ' 

it is further reduced to showing that 

(41) (^n) 3/4 / / 1 d£d V -+0. 

h n h J n 

Since y/a + h — V 'a — h = ~j^f^/^r^ < ^Vh, we see that (jUjl is bounded above by 

c{Kh k n ? /A x ^ x (^)-V2 < C &) l/A - 0. 

Next we will assume that 

(42) K=htK\ti-e n \^oo. 

By the same reasoning as above, we aim to show that (140]) holds. Because of ( 1421) . either 
h^l, h? n £* — > 00 or just one goes to infinity. In either case, the support information gives 
that 

Hence we see that (T4U1) is bounded by 

M s/a (^r a i# - ar 1/a = K& - ar 1/2 - 0. 



Case 2. Assume the condition (1551) . We set 



<-^-(^-^)(4(q) 3 + 2/iq) 

" i! " » x2a n (2a 2 +/i n ), 



hn ( Aln 



P — t 



k 

i 



(^n) 4 

F(s) := 2sa n (2a n + /i r 
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Case 2a. Assume that a n — > oo. By changing variables 

,yi k j-k 
n i Tl 



y - tt -> y> s + 



followed by another change of variables, s — > —s, we see that it suffices to prove 
(43) 11/^11^ ^0, asrwoo 

provided that 

| | b n — > oo, or \y n \ — > oo. 

Here 



(44) 



(45) £. 

C 



From the stationary phase estimates [311 [32] , there always holds that 

^l^min^Ms-^l-n-V 3 }, 
4 fe | < minie^r 172 ^ 3 }- 
This induces the following decomposition in the spatial space 

A s := {y : \y-Y(s)\ < \s\b n }, 

{y -\y- Y(s) - y n \ <\s- s n \b n }, 
R\(A S UB S ). 

We also split the time space into 

R = r U r n U (r U t„) c , r := (-b~\ b' 1 ), r n := {s n - b~\ s n + b' 1 ). 

Case 2al. We assume that \s n \b n —>■ oo; an easy observation is that, for any C > 0, 
\sn\ > Cb~ l as long as n is taken sufficiently large. We may also assume that s n > 0. We 
first deal with the integral on R x A s , for which we use the bound 

(46) \PX\<C\s\-^\s-s n \-^\ 

Then since \s n \ 

\PJ*\ 3 dsdx<b- 2 f f \s\- 3/2 \s- s n \- 3/2 dsdx 

< b^S-^ [ \8\-Wd* 

J TQ 

< (b n s n )- 3/2 -> 0; 
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and 




\PJn\ 3 dsdx <b^ / \ S \- 3/2 \s - S n \- 3 / 2 dsdx 



<K X \ \s\- 1/2 \s - s n \-^ds 

•J T„ 

<b-\s- l l 2 I \s-sJ- 3 / 2 ds 



< C(b n s n y 1 / 2 -> 0; 



and 

/ / \P n l k n \ 3 dsdx<b; 2 

J (r UT n ) c Jx&As 



\s\ 3/2 1 s - s n \ 3/2 dsdx 

(t Ut„) c Jx&A s 

<kM / + / + / \ M-Wls - 8n \-*'*d* 



-1 



Since 



=: h + h + h 

-bn 1 



Hence 



/—On 
k-^r 3/2 ^<(6n^r l/2 , 
-oo 

h<b^b]l 2 \ \s - s n \- 3 ' 2 ds < (b n s n )- 1/2 , 

poo 

h<b-\s-^ 2 / | - Sn \- 3 ' 2 ds < (b n s n r^. 

J s n +b n 1 

/ / \P n I k n \ 3 dsdx < {KSn)- 1 ' 2 -+ 0. 

J (r UT n ) c JzeA s 



Since the bound (|44|) is symmetric with respect to r and r n , the estimate on 1 x 5 S follows 
similarly. So we reduce it to that on K x (A s U -B s ) c , for which we use the following non- 
stationary bound for P n and I k : 

6 i/6 a/6 
(47) < C 1 -f- r , \I k n \ < C-. " 



\y-Y(s)-y n y l |y-y(s)|' 
We estimate / / c \P n I k \ 3 dyds: by (JHj) and (I37|) . we have 

6 l/3 



1^, 

Then 



/ [ \PJ k \ 3 dyds < Cb n [ [ \y-Y(s)\- 3 dyds<Cb- 1 f s~ 2 ds 

Jt„JCs Jt„ J\y-Y(s)\>b„s J(s n -6 n 1 ,s„+fe„ 1 ) 

< C{b n s n y 2 -> 0. 
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Similarly we can estimate f TQ f c \^n^n\ Z ^V^ s - To estimate J^ tqUt s c f c \^l^n\ 3 dyds, we use 
the following bound 



Mil* I < 



L-l/6 



\y-Y(s)-y n \\s\W 



Then 



/ m\*dyd8 < Cb^\s\~' /2 [ 1 77^ fs < ^ 5 /2| s |-3/ 2 | s _ Sn| 

</C s J\y-Y(s)-y n \>b n \s-s n \ W - 1 \ s ) - Vn\ 

Then for n large enough such that s n ^> we split 

(r U r„) c = (-oo, U (&~\ s n /2) U (s„/2, s n - b' 1 ) U (s n + b~\ oo). 

Then on each interval we will show that the convergence holds: 







~ 3 / 2 |s 


- s„| 


~ 2 ds < Cb'^s' 2 [ \s\-^ 2 ds < C(b n s n y 2 . 


J(-oo,- 












b- 5/2 \s\ 


" 3 / 2 |s 


Sn I 


~ 2 ds < Cb;^ 2 s; 2 [ s-V 2 ds < C(b n s n )- 2 . 




in/2) 






J (fe^ 1 ,^) 




b~ 5/2 \s\ 


" 3 / 2 |s 


Sn I 


~ 2 ds < Cb;^ 2 s- 3 / 2 [ \s\- 2 ds < C(b n s n )- 3 / 2 














b~ 5/2 \s\ 


~ 3 / 2 |s 


^n I 


~ 2 ds < Cb- h ' 2 s- z ' 2 [ \s\~ 2 ds < C(b n s n y^ 2 . 


J(Sn+b n 


\oo) 






J(b-\oo) 



This finishes the proof on the region R x (A, U B s ) c and therefore the proof for Case 2al. 

Case 2aII. We assume that \s n \b n < Co for some fixed Co > and \y n \ — > oo. We first deal 
with the integration over IxA s : fixing a large K ^> Co, we split R := {s : b n \s\ > K} U {s : 
& n |s| < i^}. Then invoking the bound (144j) that 



i^i<c /3 kr 1/2 k-^r l/2 , 

< r 11 < f < \s\, wl 

we have 



and Is J < 9 s - <C ¥- < Isl, which yields that Is — sJ ~ Isl, and recalling that \A S \ < b n \s\ 

i i Ort f/fi ' ' i i i i i i i i 



/ / \P n I*\ 3 dyds<b- 2 [ [ \s\- 3 / 2 \s - s n \- 3 / 2 dyds 

J {s: b„\s\>K} J As J {s:b n \s\>K} J A a 

<b-' [ \s\- 2 ds<K-\ 

J{s:b n \s\>K} 

which is uniform in all large n and is going to zero as K goes to infinity. On the other hand, 
on {s : 6 n |s| < K} x A s , \y — Y(s)\ < \s\b n < K <C \y n \ for n large enough, we then invoke 
the bound flUD for P n and (fli|) on i* 

1,-1/3 ,1/6 

\Pi k \ < — - < r 1/6 iw \- x \ s \- x/2 

1 n nl ~ \s\^\y-Y{s)-y n \ ~ n 11 " 
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Then 



/ / \P n I k n ?dyds < b- 1 / 2 ^- 3 f [ \s\-" 2 dyds 

J{s: b„\s\<K} J As J{s: b n \s\<K} J A s 

<b]! 2 \y n \-" ! \s\- 1/2 ds<K^\ 

JU:b n \s\<K\ 



Vn\ 3 , 



'{s:b n \s\<K} 

which is uniform in all large n and is going to zero as K goes to infinity too. Similarly one 
can obtain similar results onMx B s . 

Now we come to the integration over RxC s . We use the bound (J171) for P n and (jHJ) for 

\I 3 J k n\<bH Z \y-Y{s)\-\ 

then 

/ / \PJ k n \"dyds<b n [ [ \y-Y(s)\- 3 dyds 

J{s: b n \s\>K} JCs J{s: b n \s\>K} J (A s ) c 



<b n [ \b n s\- 2 ds<K-\ 

JU:b n \s\>K\ 



'{s:b n \s\>K} 

which is uniform in all large n and is going to zero as K goes to infinity. On the region 
{s : 6 n |s| < K}, we use the bound flSD for |/^| 3/2 and flHD for \PJ k n \ z/2 , 

\PJi\ < bl/ 3 \y - Y(s)\- l / 2 \y - Y(s) - y n \- 1/2 - 

To integrate over C s in space variable, fixing s satisfying |s|fe n < K, we split C s : = 
(-oo,r(s) - |s|6 n ) U (Y(s) + \s\b n ,Y{s) + y n - \s\b n ) U (Y(s) + y n + |s|6„,oo); those in- 
tervals are disjoint for large enough n since \s\b n < K <C y n (note that we may assume that 
y n > 0). Then 

°Y(s)-b n \s\ 



I J 

J {s: b n \s\<K} J-c 



\PJn?dyds 

'{s: b„\s\<K} J -co 

<b n / \y- Y{s)\-^\y - Y(s) - y^dyds 

J {s:b„\s\<K} J-oo 

<b n / \y-Y(s)\^ 2 y^ 2 dyds 

J {s:b n \s\<K} J-oo 

< y-^K 1 ' 2 - 0, as n -> oo; 



and 



/ f 

J{s:b n \s\<K\ JY{ 



\PJn?dyds 

!{s:b n \s\<K} JY(s)+y n +\s\b n 

p POO 

<b n / \y- Y(s)\-^ 2 \y - Y(s) - y n \-^ 2 dyds 

J{s:b„\s\<K} JY(s)+y n +\s\b n 
r poo 

<b n / \y-Y{s)-y n \-^y~^dyds 

J{s:b n \s\<K} JY(s)+y n + \s\b n 

< y-^K 1 ' 2 - 0, as n -> oo. 
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While for the integration over the middle interval, we split it into even smaller intervals, 
(Y(s) + \s\b n , Y(s)+y n - \s\b n ) = (Y(s) + \s\b n , Y(s)+y n /2) U (Y(s)+y n /2, Y{s) + y n - \s\b n ) 
then 

-Y(s)+y n —\s\b„ 



L 



PJn?dyds 

r r*(s)+y n /2 rY(s)+y n -o n \s\ 

<b n (/ +/ )\y-Y{s)\-^\y-Y{s)-y n \-^dyds 

J Is: b n \s\<K\ JY(s)+b n \s\ JY( S )+Vr,/2 



{s:b n \s\<K} JY(s)+b n \s\ 

Y(s)+y n /2 rY(s)+y n -b n \s\ 



'{s:b n \s\<K} JY(s)+b n \s\ JY(s)+y n /2 

< bnyn V2 I {\bnS\- 1/2 - (y n ~ bnlsiy^ds 

J{s:b„\s\<K} 

<b n y~ 3/2 [ \b n s\-^ds 

J{s:b„\s\<K} 

< K i/2 y ~s/2 _ o, as n ^ oo. 

This finishes the proof for Case 2aII, thus Case 2a. 

Case 2b. We are left with the case when = £^ = 0. In this case, the orthogonality 
condition becomes 

(48) _, or l(* 3 n-^K| ^ or \x 3 n-Xn\ ^ 

This case can be similarly handled as in Case 2a; we omit the details. □ 



7. A DICHOTOMY ON EXTREMISERS 

We simplify the approach in [29] and present the following argument when fi = 0, also see 

122. 



Proof. Choose an extremising sequence of functions {/„} n >i so that 

S= lim \\D^S{t)f n \\ Llx , ||/„|U» = 1. 

n—>oo l ' x 

Applying Theorem ll.3l to f n : for any I > 1, there exists {(f*'}i<j<h w n e L 2 and (h J n , x 3 n , t 3 n 
such that 



,/„ = e^ A2 gi[e<-^)+w l n , 



i<j<i,€i=o, 



where 

lim lim \\D 1/3 S(t)w l n \\ L e = 0. 



->oo n — >oo 
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Combining it with the orthogonality results in Remark 11.41 we obtain 

S 6 = lim \\D^ 3 3{t)f n \\l e = lim lim || V D l '*S(t + t)gi[^ xh ^^\\\% 

1<3<1 

oo 

= lim lim V \\D l ' 3 S(t)[e ixh ^M\% < S 6 V ||^||1 2 

l<j<Z j=l 

<s 6 ^M| 2 j <s 6 . 

Then all inequalities will become equal above. In particular, by the inclusion of £ 3 into i 1 , 
we see that there is only j remains and 

||0i i2 = 1, S = lim \\DV 3 S(t)[e*K&P]\\ L * . 

So we consider the following two cases after fixing this j. 

• If = 0, then J is an extremiser as desired. 

• If lim„_ i . c h 3 n ^ J n = oo, we set a n := h J n £i; then 

(49) S = lim ll^/a^^^^n = L 

This establishes the first half of Theorem 11.81 The following proposition will complete its 
proof. 

Proposition 7.1. For any <p £ -^ 2 , we have the following convergence, 

(50) lim WD^Sit^mL^ = He-^HxS.. 

Let us postpone the proof of this proposition and continue the proof for Theorem 11.81 On 
the one hand, by applying Proposition 17.11 

(51) S= lim ||D 1/3 S , (t)[e faa »^]|| L j = He^VlU? < S^H^'H^ = S schr . 

On the other hand, by the works of Foschi [TU] , Hundertmark, Zharnitsky [IT] and Bennett 
Bez, Carbery, Hundertmark [3], we know that 0o = e - ' 21 ' is an extremal for S sc h r - Let (p = (fio 
in (150]) . we see that 

(52) s "" = m» = iwS 

by the definition of S. Returning to (I5TT) . we see that 

(53) S = He^VlU^ < SschrU J \\ L i = Sschr < S. 

So this forces all inequality signs to be equal. In particular, we have 

(54) S = S sc hr, 



(55) lle^'VllLL = SschrU J \\L-:- 
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In other words, (I55I) says that J is an extremal for the Strichartz inequality for the Schrodinger 
equation. From the works of Foschi [TO] , Hundertmark, Zharnitsky this information 
implies that is a Gaussian up to the natural symmetries associated to the Strichartz 
inequality for the Schrodinger equation. This finishes the proof of Theorem 11.81 □ 

Now we present a proof for Proposition 17. 1 1 



Proof of Proposition \ 7. 7 . We may assume <p G S with compact Fourier support in (—1,1), 
where S denotes the collection of Schwartz functions on R. Then by a change of variables, 



\\D^S{t)[e- N <P]\U =6 1/6 



(56) 



irtx+itN^+i^etNZ+iv'HtN+itr,*^ + 1/3 0(r/)(ir/ 



+ l\ 1/3 (j)(r])dr] 



Then the assertion in Proposition 17.11 reduces to 



(57) 



lim 

N—fOo 



->' lxr l 



— + l\ 1/3 (f){r])dr] 



N 



|e- 4tA 0|U 



This follows from the dominated convergence theorem. Indeed, there holds that 



jxii+itrj 2 +itr) 3 ^ +itri 4 -Xj | V 



-itA . 



for almost everywhere (t, x) as N goes to infinity. On the other hand, let 



I{t,x) :-- 



We aim to find a dominating function for I(t,x). Since \rj\ < 1, there exists Nq > such 
that 



2 „ 1 . 

t(1 + r/ iv +r? V 



> c > 0, for all N > JV , 



where Cq > is an universal constant. Then the stationary phase estimate (see e.g., 
Chapter 8, p. 334]) implies that, there always holds that 

(58) /(t ' x) - (T^p 

for all iGlj and for all N > N . Fixing t G R t , we split ~&L X into two parts, 

Q(t) = {x G R : | \x\ - 3\t\ | < — }, and R \ Q(t). 
On R x Q(t), \t\ ~ |x| for N > N Q and hence the dominating function can be chose as 



F x {t,x) 



|t|) 1 /4(l + |x|)l/4' 
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However onRx (R\ f2(£)), for each fixed t, we have 

\x\ 

\\x\ - 3 t > — . 
Mi i i| - 2 

Hence for all N > No, the phase in I(t,x) is non-stationary. This implies that 

Crh 



(59) I(t,x)< 1 + W 

So on I x f R \ O(t)), we combine the two upper bounds in fl58|) . fl59l) . and choose the 
dominating function to be 

F2(t ' X) = (l + |t|)l/4(l+| x |)l/2- 

Note that F\ and F 2 are in L\ x for all N > N Q , which serve as dominating functions. 
Therefore we finish the proof of this proposition. □ 
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